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ABSTRACT

During the period covered by this report we continued our

research on the development and application of numerical methods

for singularly-perturbed (or stiff) boundary value problems for

crdinary lifferential ecuations an-- initial-oundary value prob-

lems for partial differential equations. Results were obtained

for collocation and finite difference methods for scalar and

vector systems of two-point boundary value problems and for

adaptive grid finite element methods for partial differential

equations. Our exponentially weighted finite element and spline

in tension methods are now being applied to partial differential

equations as well as to ordinary differential equations.

i

AIn FO .E O'FfICE O7 SCIEmTIPIC RSEAR IM (APSC)
MTC OF T;ISIy TO DTLC

L:: hn el report hnj been reviewed and is

" ¢ e' 0 Uo u l cre IW AYR(190-12.
t .LT ,%o IS unlimited.

Chief, Tecj:iOal Informat ion Division



1. Progress and Status of the Research on Numerical Methods for

Sinoularv Perturbed Differential Equations

During the period covered by this report we continued our

research on the development and application of numerical methods

for sinlul arly-perturbed ordinary and partial differential eucua-

tions.

1.1 Boundary Value Problems for Ordinary Differential Equations

Our work on collocation with polynomial and tension splines

for second order two-point boundary value problems has appeared

in a sequence of two papers [1,3] This work has been extended

to vector systems of boundary value problems and a paper describ-

ing the theoretical aspects of our work as well as some prelimin-

ary computational results has appeared in [2]. Additional com-

putations have been performed and they indicate that our method

offers significant advantages over existing techniques for two-

point boundary value problems. Our findings are being incorporated

into a report [6] which will be submitted for publication shortly.

The work on vector systems of ordinary differential equations

[2,6] is joint research between Professors J. E. Flaherty and R. E.

O'Malley, Jr. This grant supported this collaboration and Professor

O'Malley visited Professor Flaherty at R.P.I. for about one month

this year. In addition, Professor Flaherty visited Professor O'Malley

at the University of Arizona for two weeks during the period of this

report. Professor O'Malley joined R.P.I. in June, 1981 as Chairman

of the Department of Mathematical Sciences, so travel funds will no

See the list of Publications and Abstracts at the end of this
report.
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longer be needed. The collaboration bctwcen FIaherty and O'VMalley

will, of course, continue.

In [5] Flaherty showed how our spline in tension methods [1,3]

as well as certain exponentialiy webichtec finite elenent methods

could be made more efficient by using rational functions to approx-

imate the required exponential functions. This paper also indicates

how to extend these methods to partial differential equations.

1.2. Initial-Boundary Value Problems for Partial Differential

Equations

A paper [4] describing our adaptive grid finite element proce-

dure for initial-boundary value problems for vector systems of

partial differential equations was published as an Institute for

Computer Applications in Science and Engineering (ICASE) report and

will subsequently appear in the SIAM Journal on Scientific and

Statistical Computing. This work was based on the Ph.D Dissertation

of S. F. Davis who was a graduate scholar under the direction of

Professor Flaherty and who was supported by this grant. A second

paper [8] based on Davis' thesis which describes some of the linear

algebra algorithms is being prepared for publication.

Flaherty and a graduate student, J. M. Coyle, are working on

several additions and improvements to our adaptive finite element

code. These include local time step refinement routines and exten-

sions to higher dimensions.

We are also extending our spline in tension methods to partial

differential equations. We have begun by considering explicit

finite difference and finite element methods for vector systems of

"- - - ___- _ -_ _ _ _ _. % -- < -
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hyperbolic and parabolic equations. These methods givc sharp

shocks, with no spurious diffusion or oscillations, without the

need of a fine discretization. We presented some of our results

at the Twenty-sevcnth Coference of ;=~vy vathcmaticians, which

was held at West Point, and our findings will appear in the pro-

ceedings of this meeting [7]. We will also submit them for

publication in the open literature.

- ,4A



2. Interactions

Professor Piahorty was invited to lecture on material pertain-

ing to this grant at the following conferences or organizations:
'I

Conference cn ,znrary and zinterior Layers (BAIT I)
Trinity College, Dublin, Ireland, 3-6 June, 1980.

Workshop on Numerical Methods for Boundary Value
Problems, University of British Columbia, Vancouver,
British Columbia, 4-15 August, 1980.

American Mathematical Society, 780th Meeting, Special
Session on Scientific Computing and Numerical Analysis,
Brown University, Providence, Rhode Island, 18-19
October, 1980.

Department of Computer Science, Yale University, New
Haven, Connecticut, 20 October, 1980.

Department of Computer Science, University of Waterloo,
Waterloo, Ontario, 29 October, 1980.

Department of Computer Science, University of Toronto,
Toronto, Ontario, 30 October, 1980.

Department of Mathematics, Old Dominion University,

Norfolk, Virginia, 14 November, 1980.

Professor Flaherty was on sabbatical leave from R.P.I. during

most of the period covered by this report and he visited the fol-

lowing laboratories and organizations and conducted research on the

topics noted:

ICASE, NASA Langley Research Center, Hampton, Virginia,
30 September-10 October and 3-21 November, 1981. Per-
formed research on adaptive grid finite element methods
and lectured on the same as well as numerical methods
for singularly-perturbed boundary value problems.

Program in Applied Mathematics, University of Arizona,
8-19 December, 1980. Conducted research with R. E.
O'Malley, Jr. on numerical methods for singularly-
perturbed systems of ordinary differential equations.
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Ben6t Weapons Laboratory, Watervliet Arsenal, Watervliet,
New York, 1 Januiary, 1981-31 May, 1981. Conducted
research on adaptive grid and exponentially weighted
finite ee: --ent methods. Ap.!ied these methods to wave

•§rc<~cj ; 2 C ,' a-, :enc-tr2 mrobiems.

Terminal Ballistics Division, Ballistic Research Labora-
tory, Aberdeen Proving Ground, Maryland, 11-12 February,
1981. Discussed numerical techniques for impact and
penetration problems with J. Zukas, Chief, Terminal
Ballistics Division.



3. ist cf Publications and Manuscripts in Preparation

Publications

1. j. E. Flaherty and W. Mathon, "Collocation Methods for Singu-
larly Porturbei Boundary Value Problems", in J. J. H. Miller,
L'd. , L~unnacy a interior 1,aycrs - Ccn<.utational an2 Asymp-
totic :.ethoCs, -oole Press, Dublin, 1980, pp. 77-92.

2. J. E. Flaherty and R. E. O'Malley, Jr., "On the Numerical
Integration of Two-Point Boundary Value Problems for Stiff
Systems of Ordinary Differential Equations," in J. J. H.
Miller, Ed., Boundary and Interior Layers - Computational
and Asymptotic Methods, Boole Press, Dublin, 1980, pp. 93-
102.

3. J. E. Flaherty and W. Mathon, "Collocation with Polynomial
and Tension Splines for Singularly Perturbed Boundary Value
Problems", SIAM J. Sci. and Stat. Comp., Vol. 1 (1980), pp.
260-289.

In Press

4. S. F. Davis and J. E. Flaherty, "An Adaptive Finite Element
Method for Initial-Boundary Value Problems", ICASE Report
No. 81-13, ICASE, NASA Langley Research Center, Hampton,
Virginia, March, 1981. Also, accepted for publication in
SIAM J. Sci. and Stat. Comp., June, 1981.

5. J. E. Flaherty, "A Rational Function Approximation for the
Integration Point in Exponentially Weighted Finite Element
Methods", Tech. Rep. ARLCB-TR-81022, Ben~t Weapons Labora-
tory, Watervliet Arsenal, Watervliet, New York, June, 1981.
Also, accepted for publication in Int. J. Num. Meth. Engng.,
June, 1981.

In Preparation

6. J. E. Flaherty and R. E. O'Malley, Jr., "Numerical Methods
for Stiff Systems of Two-Point Boundary Value Problems",
to appear as an ICASE Report, NASA Langley Research Center,
Hampton, Virginia. Also to be submitted to SIAM J. Sci.
and Stat. Comp.

7. J. E. Flaherty, "Explicit Difference Schemes for Wave Propa-
gation and Impact Problems", to appear in Proc. Twenty-
seventh Conf. of Army Mathematicians, USMA, West Point, New
York, June, 1981. Also to be submitted to SIAM J. Sci. and
Stat. Comp.
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S. S. F. Davis and J. E. Flaherty, "A Stable Factorization of
ock-Tridiagonal atrices', to be submitted to ACM Trans.

'.'ath. Software.
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Joseph L. Fla erty

Rensselaer Pblvtechnic institute

Troy, New York 12181 USA

and

William %athon
IBM Federal Systems Division

Gaithersburg, Maryland 20760 USA

ABSTRACT

Collocation methods using both cubic polynomial and exponential

splines are presented for second order singularly-perturbed two-

point boundary value problems. Rules are presented for selecting

tension parameters and collocation points. The methods converge

outside of boundary layer regions without the necessity of using a

fine discretization. Several numerical examples comparing the

methods are presented

J. J. H. Miller, Ed., Boundary and Interior Layers - Computational
and Asymptotic Methods, Boole Press, Dublin, 1980, pp.77-92.
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Robert E. O'M'alley, Jr.
Dc par'Lment of Mathematics

and Prararnin 7-plies ah] ~ tc
University of A.rizona

Tucson, Arizona 85721, U.S.A.

7BSTRACT

We considler a class of two-point boundary value problems for

systems of the form k = f(x,y,t,c), vC' = gl(x'tc) + g2 (xltc)y

-where the matrix 92 (x,t,0) has a hyperbolic splitting with a fixed

number of stable and unstable eigenvalues. Solutions to such

boundary value problems can then be expected to have boundary layer

behavior near both endpoints in the limit c -+0+ We obtain uni-

form asymptotic representations of solutions. Our analysis shows,

in particular, how to determine the reduced order boundary value

problem satisfied by the limiting interior solution. Orthogonal

matrix methods are used to determine this reduced problem and appro-

priate boundary layer corrections in a computationally effective

manner. Numerical experiments with model problems illustrate the

possibility of multiple solutions and show how our asymptotic results

can be used in combination with the COLSYS code for solving two-point

problems via collocation.

J. J. H. Miller, Ed., Boundary and Interior Layers - Computational
and Asymptotic Methods, Boole Press, Dublin, 1980, pp. 93-102.
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Rensselaer Polytechnic Institute

and

William Mathon
IBM

Federal Systems Division

ABSTRACT

Collocation methods using both cubic polynomials and splines

in tension are developed for second order linear singularly-

perturbed two-point boundary value problems. Rules are developed

for selecting tension parameters and collocation points. The

methods converge outside of boundary layer regions without the

necessity of using a fine discretization. Numerical examples com-

paring the methods are present.

SIAM J. Sci. & Stat. Comp., Vol. 1 (1980), pp. 260-289.
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Stephen F. Davis
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Rensselaer Poltechnic Institute
and

Institute for Computer Applications
in Science and Engineering

ABSTRACT

A finite element method is developed to solve initial-boundary

value problems for vector systems of partial differential equations

in one space dimension and time. The method automatically adapts

the computational mesh as the solution progresses in time and is

thus able to follow and resolve relatively sharp transitions such

as mild boundary layers, shock layers, or wave fronts. This per-

mits an accurate solution to be calculated with fewer mesh points

than would be necessary with a uniform mesh.

The overall method contains two parts, a solution algorithm

and a mesh selection algorithm. The solution algorithm is a

finite element-Galerkin method on trapezoidal space-time elements,

using either piecewise linear or cubic polynomial approximations

and the mesh selection algorithm builds upon similar work for

variable knot spline interpolation.

A computer code implementing these algorithms has been written

and applied to a number of problems. These computations confirm

that the theoretical error estimates are attained and demonstrate

the utility of variable mesh methods for partial differential

equations.

ICASE Report No. 81-13, ICASE, NASA Langley Research Center, Hampton,
Virginia, March, 1981. Also, accepted for publication in SIAM J. Sci.
and Stat. Comp., June, 1981.

___ __ ___ __ __ ___ __ _



TI IP IMI:T

I,. .. :'.: . .. ....... .I I TY FINITE ELE:.i;XTYErT :S

:S"'s 2 h Flahertv
a ac _ 1 F i 0on1:"e s

iroy, N.Y. 12181

and

U.S. Army Armament Research and Development Command
Large Caliber Weapon Systems Laboratory

Ben6t Weapons Laboratory
Watervliet, N.Y. 12189

ABSTRACT

A rational function is presented for approximating the function

f(z) = coth z - i/z that appears in several exponentially fitted or

weighted finite difference and finite element methods for convection-

diffusion problems. The approximation is less expensive to evaluate

than f(z) and provides greater accuracy than the doubly asymptotic

approximation when z = 0(i).

Tech. Rep. ARLCB-TR-81022, Bendt Weapons Laboratory, Watervliet
Arsenal, Watervliet, N.Y., June, 1981. Also, accepted for publica-
tion in INT. J. Num. Meth. Engng., June, 1981.
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Joseph E. Flaherty

Robert E. O'Malley, Jr.

Department of Mathematical Sciences
Rensselaer Polytechnic Institute

Troy, N.Y. 12181

ABSTRACT

We develop collocation methods for a class of singularly-

perturbed two-point boundary value problems where the critical

Jacobian has a hyperbolic splitting with a fixed number of

stable and unstable eigenvalues. We use the asymptotic repre-

sentation of the solution and a collocation method to construct

an approximate solution. This solution can either be accepted

or supplied as an initial guess to a two-point boundary value

code, such as COLSYS, for further refinement.

To appear as an ICASE Report, NASA Langley Research Center, Hampton,
VA and to be submitted to SIAM J. Sci. and Stat. Comp.
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Joseph E. Flaherty

r .... -nt of Mat'iematical Sciences
T:Ee r Pol'ytechnic nTitute
ro\', X.Y !21c

and

US -.rmy Armaent Research and Development Cormm-and
Large Caliber Weapons Systems Laboratory

Ben6t Weapons Laboratory
Watervliet, N.Y. 12189

ABSTRACT

Explicit finite difference and finite element schemes are con-

structed to solve propagation, shock, and impact problems. The

schemes are of upwind difference type, but suffer less from the

effects of numerical dispersion and diffusion than classical up-

wind schemes. The relationship of the new schemes to existing

explicit schemes is analyzed and numerical results and comparisons

are presented for several examples.

To appear in Proc. Twenty-seventh Conf. of Army Mathematicians,
USMA, West Point, N.Y., June, 1981 and to be submitted to SIAM J.
Sci. and Stat. Comp.
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Stephen E. Davis
U. S. Army .. r.,arnt Research a:nd , -.vrA z.c.. C:T .d

::-- i tic ReseairchL;b lt rv
Aberdeen Proving Ground, MD 21005

and

Joseph E. Flaherty
Department of Mathematical Sciences
Rensselaer Polytechnic Institute

Troy, N.Y. 12189

ABSTRACT

A stable Gaussian elimination algorithm is developed for block

tridiagonal systems. The algorithm pivots both within and outside

of blocks and reorders equations so as to minimize fill in.

To be submitted to ACM Trans. Matl. Software.




